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Finite-Difference Calculation

of Hypersonic Wakes

SEyMoUR L. ZeiBERG* AND GARY D. BLEICHT
General Applied Science Laboratories, Inc., Westbury, N. Y.

A finite-difference method is used to solve the system of equations governing the hyper-
sonic air wake with nonequilibrium chemistry; both laminar and turbulent transports are
considered. Numerical results for laminar flow are compared with results of an integral
method. Additional caleulations for turbulent flow are presented to show some effects of the
oxygen-electron attachment process in the far wake, and of the choice of the model of turbu-

lent diffusivity.

Nomenclature

specific heat

vehicle base diameter
Lewis number

enthalpy

enthalpy of formation
pressure

vehicle base radius
temperature

X component of velocity
velocity defect

Y component of velocity
net rate of generation of species ¢
streamwise coordinate
radial coordinate

mass fraction

velocity radius

density transformed radial coordinate
Prandtl number
viscosity

density

stream function
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Subscripts

0
e
1

evaluated on wake axis Y = ¥ = 0
evaluated at edge of wake, or freestream
refers to species

[/

Superscript

( ) = mass-averaged quantity

I. Introduction

HE problems associated with the detection and tracking

of vehicles re-entering the earth’s atmosphere have pro-
vided the stimulus for the study of observables associated
with wakes of hypersonic re-entry vehicles; Refs. 1-20 (for
example) contain descriptions and analyses of the numerous
and varied aspects of re-entry wake phenomena. However,
the forementioned works are all based upon approximate
methods of analysis. The techniques that have been used
are direct applications of classical integral methods?! with
some modifications to include, for example, nonequilibrium
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air chemistry,® 8 1. 8-20 3 vyortical, inviscid external flow
into which the viscous wake grows,? 1%, 15 16, 19, 20 the effect
of vehicle attitude oscillations,t 7 and the effect of a varying
freestream density along the wakes$ 7 The integral-strip
method?? 23 has also been applied to the hypersonic wake.!3:18

In order to describe flow details with precision throughout
the flow field, to allow matching of specific initial conditions,
and to allow nonsimilar flow behavior, it is necessary to
abandon the conventional integral method and employ more
refined methods of analysis. The use of the integral-strip
method affords the opportunity for such improvement;
however, a large number of strips is required for marked
improvement, and then the problem approaches a finite-
difference calculation. The latter technique is the one em-
ployed herein. The finite-difference method represents an
exact solution of the governing equations for arbitrarily pre-
seribed initial and boundary conditions. Thus, in addition
to being a valuable computational facility, it also serves the
function of a reference from which approximate methods of
analysis may be evaluated.

Finite-difference techniques have been applied to viscous
flows by many investigators; Refs. 24-31 present results of
boundary-layer studies, whereas Refs. 32 and 33 show re-
sults for jet flows. The latter includes finite-rate chemical
reactions for hydrogen and carbon monoxide combustion.
References 24-26 contain detailed discussions of the applica-
tion of finite-difference methods to the boundary-layer
equations.

The present work deals with the axisymmetric hypersonic
air wake including finite-rate dissociation and recombination
processes for the representative air species; both laminar and
turbulent flows are considered. The following section de-
scribes the general formulation of the analysis. Subsequent
sections present numerical comparisons of the method with
an integral method® and a comparison of slender-body turbu-
lent wakes calculated with different turbulent diffusivity
models; the latter also indicate some laminar-turbulent
transition effects and oxygen-electron attachment effects.

II. General Formulation

The flow under analysis here is the region downstream of
the wake neck (Fig. 1); it is assumed that the boundary-
layer equations apply, and that the flow properties of the
“outer wake”” may be approximated by the freestream proper-
ties. Thus, the wake grows into a uniform external flow, and
thereby the analysis is restricted to wakes behind slender
configurations or to the far downstream regions behind
vehicles with large nose-bluntness. The generalization of
the present work to include the “swallowing” of a vortical,
inviscid, reacting -outer wake is in preparation. Webb and
Hromas® have studied such a flow by an extension of the
Lees-Hromas integral method analysis.?
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With X, Y being the physical streamwise and radial
axisymmetric coordinates, the governing equations®® are
transformed to the Von Mises coordinates S, ¥ defined by

S=X 1)
Y (¥/0Y) = pUY Y(Y/0X) = —pVY (2

The use of the stream function satisfies the over-all con-
tinuity equation, whereas the other pertinent conservation
laws become the following:

Momentum

ou _ _1ldp LL[MKDE]
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Species continuity
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A streamwise pressure gradient (assumed to be specified) is
included to allow the possibility of a radially uniform but
streamwise varying external flow.

The boundary conditions are those of symmetry at ¥ = 0
and matching to the freestream as ¥ — . The initial
conditions at S = 0 are specified as functions of ¥. In the
case of turbulent flow, the governing equations just listed
are assumed to describe the temporal mean flow properties.3

Equations (4) and (5) are written with the assumption that
the binary diffusion laws are applicable to mass diffusion in
the dissociated-air laminar wake. Some justification of this
assumption is discussed in Refs. 8 and 35. Also, the use of
coupled, multicomponent formalism for the mass diffusion
is limited by the paucity of data for the pertinent binary
diffusion coefficients. For turbulent flows, it is assumed
that the Reynolds analogy for mass, momentum, and energy
transport is valid.

For laminar flow, the transport parameters (Lewis number
L and Prandtl number o) and the viscosity are well defined.
(In the present work, the Sutherland law is used for the latter.)
Arbitrary values of L and o are allowed in the analysis.
However, for turbulent flow, L and ¢ must be interpreted
as their operationally defined turbulent counterparts; values
of unity have been used. The form of the turbulent viscosity
is discussed in detail in a later section.

The air chemistry employed herein assumes vibrational
equilibrium and includes the species O, O, N, N, NO, NO+,
0,7, and e~. These species are active in the following
reactions:

C+N;, =2N+C (62)
C+0, =20+C (6b)
C+NO =N+0+4C (6c)
NO+0 =2N4+0, (6d)
N:+0 =NO+N (6e)
N; 4+ 0, = 2NO (6f)
N+0 =2NO++e (62)
C+NO =NO*+*+e +C (6h)
20;+ e =20, + 0, (61)
NO+ 4 0, = NO + 0, (6))

in which C is a catalyst.
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Fig. 1 Schematic sketch of flow field.

The reaction rates used for the preceding reactions are
those quoted in Refs. 36-38. In the absence of data con-
cerning reaction rates in turbulent flows, the laminar rates
are assumed to apply to turbulent flows also. This assump-
tion must be regarded as being imposed by the state of -the
art and does not reflect the opinion that the macroscopic
inhomgeneity of the turbulent flow does not influence chemical
reactions.

The system of governing equations is completed by speci-
fying the equation of state, the A — T — a; relation, over-
all mass conservation, charge conservation, and the phe-
nomenological rate equations for the w,. The details of the
formulation of the rate equations may be found in standard
texts (e.g., Ref. 41). “The state and conservation equations
are

P = (oRT)/[Zi(a:/M))] (72)

h = Zi Olihi = 2{ Oli[C;m'T + hzo] (7b)
Zq; a; = 1 (70)

ayNo+ _ o, - 9{02‘ (7d)

Myos Mo Mo,-

Equations (7¢) and (7d) allow consideration of only ¢ — 2
species continuity equations, rather than ¢ equations. How-
ever, in the present work, all 7 equations are calculated, and
(7c) and (7d) are used as check sums in order to provide some
of the information from which numerical aceuracy may be
judged.

The finite-difference formulation of the governing conserva--
tion equations is accomplished by employing the following
explicit difference relations?® % for a typical variable F:

OF F(S+ A8, ¥) —F(S, ¥)

28 AS (8a)
oF _ F(S,¥ + AV) — F(S,¥ — AV¥) (8h)
ov 2A¥

o [ 911'] _
o¥ | " oT
a(S, ¥ + FAV)[F(S, ¥ + AY) — F(S, ¥)] _
(AW)?
a(S, ¥ — 1AW [F(S,¥) — F(S, ¥ — A¥)] (80)
(AW)?
in which

a(S, ¥ = LAY) = L[a(S, ¥) + a(S, ¥ £+ A¥)] (8d)

Equations (3-5) are ‘“numerically singular” on the wake
axis (¥ = 0). However, alternate forms of these equations
suitable for computation on ¥ = 0 are readily derived with
the use of 'Hospital’s rule and the axis symmetry condi-
tions, i.e.,at ¥ = 0,

oU _oT _das _, on)

¥ ¥ oV
Numerically, Eqs. (9a) are expressed as :
(S, A¥) = f(S, — AY) (9Db)
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Fig. 2 Axis velocity defect; laminar wake of a hemi-
sphere-cylinder (250 kft, 18.5 kft/sec). Comparison with
integral method.

The governing conservation equations are parabolic, and
thus, the use of the explicit finite-difference method subjects
the system of equations to stability conditions that govern
the permissible relative grid dimensions (e.g., see Refs. 39
and 40). Furthermore, in the present nonlinear problem, it
is not possible to determine by analytical means the precise
stability requirements. It is possible, however, to provide
estimates based on the application of linear theory. These
estimates, plus numerous trial calculations;, provided the
basis for the determination of the stability conditions per-
tinent to the present problem. The analytical estimate is
given by

AS = (o/pL)o[(A¥)?/4] (10)

The choice of the explicit method and its stability prob-
lems over the “always-stable” implicit method is based on
the fact that the step sizes required for accurate calculation
of the more rapid chemical reactions (e.g., near equilibrium)
are generally much smaller than the estimated explicit sta-
bility limit. Therefore, no advantage would be gained by
using the implicit method.

In general, the resulting difference equations are of the
form

F(S + AS,¥) = A(S,¥) + B(S, ¥ — AY) +
C(S, ¥ + A¥Y) 4+ D(S) (11)

in which F is either U, T, or the «;, and the functions 4, B, C,
and D depend on the equation being considered. The de-
tails of the difference equations, the chemical production
terms (), and the rate constants and thermodynamic data
are not shown here because of space limitations; this informa-
tion is available in Ref. 42.

Starting with specified initial conditions, the calculation
marches forward with the streamwise step size controlled
automatically. The step size may be doubled or halved,
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Fig. 3 Axis temperature; laminar wake of a hemisphere-
cylinder (250 kft, 18.5 kft/sec). Comparison with integral
method.
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depending upon the relative accuracy of the results of a
parallel sequence of forward steps both with the “current”
step size and with a step size of twice this value.

The radial mesh grows in order to satisfy the “zero-slope”
boundary condition at “infinity,” i.e., as ¥ —

QU /oW, DT /oW, dar;/OW — 0 12)

whereas U, T, and a; approach their respective freestream
values. This boundary condition is satisfied by using a
large enough number of radial grid points (the outermost
being at freestream conditions) to insure negligible gradients
at the outer edge.

In order to provide some information concerning numerical
accuracy of a particular caleulation, various quantities are
computed. The integrated forms of the conservation laws,
charge conservation, summation of mass fractions, and con--
servation of elements are checked at the appropriate places
in the caleulation.

Numerous caleulations of a diagnostic nature have been
performed and are reported in Ref. 42. Incompressible
flows for which asymptotic solutions are available? and flows
for which Croceo integrals exist were studied. In these
cases, the known solutions or relations between solutions for
different flow properties were reproduced. However, rather
than presenting these “debugging” results here, some appli-
cations of the program are presented.

The next section presents a comparison of finite-difference
and integral method® calculations for a laminar flow. Fol-
lowing this, the influence of the turbulent diffusivity model
on a turbulent wake is examined. Included in the latter
caleulations are some indications of laminar-turbulent transi-
tion effects and oxygen-electron attachment effects.

III. Comparison with an Integral Method

An important function of a large-scale computational
effort, such as the present work, is to use it as a reference
according to which approximate analytical methods may be
evaluated. Hence, a comparison with an integral method
solution of the laminar hypersonic wake is presented here.

The integral method being used for the comparison is the
one reported by Bloom and Steiger.2 For the sake of clarifi-
cation, the following is noted: the integral method solves
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Fig. 4 Axis electron density; laminar wake of a hemi-
sphere-cylinder (250 kft, 18.5 kft/sec). Comparison with
integral method.
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the integral energy and momentum equations, and the axis
equations for energy, momentum, and species conservation.
These equations are solved for wake radius (the same for
all flow variables), axis values of velocity, stagnation en-
thalpy, and mass fractions, and the axis value of the curva-
ture of the stagnation enthalpy profile. The profiles are
assumed to be fourth-degree polynominals for velocity and
mass fractions (a Crocco relation) and a fifth-degree poly-
nomial for stagnation enthalpy.

The ecase of the laminar far wake of a hemisphere-cylinder
(L/D = 3, CpA = 1 {t?) having a velocity of 18,500 fps at
250 kft is considered for the comparison.

Identical initial conditions were used for both the integral
and the finite-difference calculations. These were obtained
by computing the inviseid, reacting surface streamline along
a hemisphere-cylinder shape until the pressure decreased to
the freestream value. The conditions at this point were
assumed to apply to the wake axis!; radial distributions were
determined from the integral method profiles. Constant
stagnation enthalpy (equal to freestream value) was used.
Nominal values of L = 1.45 and ¢ = 0.71 were used in the
wake (unless otherwise noted); oxygen-electron attachment
was not included.

Comparisons of axis velocity defect, axis temperature,
and axis electron density are shown in Figs. 2-4. Also shown
in Figs. 3 and 4 are results for frozen chemistry (; = 0) and
results for Lewis and Prandtl numbers equal to unity (L =
g =1).

Figure 5 shows the streamwise variation of the profile
curvature parameter

[1/(Qc — Q0)1(0*Q/01%)0

in which @ is a flow variable, and

¥
,72=2f0 p~ydy
Pe

i.e., the density-transformed radial coordinate.

The data clearly show that some of the integral method
predictions are in serious error for this case. However, the
integral method does correctly predict the general behavior
of the flow variables; experience with such a “one-strip”
integral method has shown that generally the variables that
are sensitive to the nonequilibrium chemistry may be subject
to large errors, whereas other variables (e.g., velocity) are
predicted reasonably well.

The effects of Lewis and Prandtl numbers of unity are seen
to be modest for the case shown here. Also of interest is
that the present L = o effects upon temperature contradict
the effects predicted by the integral method; in the latter?
the temperature for L = o = 1 is always lower than that
for L = 1.45, ¢ = 0.71. This has been found to be a result
of off-axis chemical activity and the nonexistence of a Crocco
relation (as assumed for the integral method) between velocity
and mass fractions.?

The frozen-flow calculation serves the purpose of pointing
out the fact that, although the temperature and velocityd
may be accurately predicted by the frozen chemistry at this
high altitude, the electron density is clearly not frozen.
Additionally, it is noteworthy that the frozen-flow tempera-
ture may be higher than the temperature in the finite-rate-
reaction case. In the present case thisoccurs for X/ (C'pA)V2<
100 and is mostly due to energy being absorbed by the forma-
tion of NO in the finite-rate case and to the differences in the
species profiles of the two flows. The profile curvature
parameter shown in Fig. 5 indicates (for the finite-rate case)
some of the differences that exist between diffusion char-
acteristies of different species and between the velocity and

1 The frozen-flow velocity, as in the L = ¢ = 1 case, is within
afew percent of the finite-rate value.
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Fig. 5 Axis profile curvature parameter; laminar wake of
a hemsiphere-cylinder (250 kft, 18.5 kft/sec). Comparison
with integral method.

the various species.§ It is not until X/(CpA)V? ~ 300 that
all of the curves become essentially parallel, thereby indi-
cating a form of similarity between profiles. This profile
similarity is based upon a different wake radius for each
flow variable; then the parameter

[1/(Q. — Qo) 1(0%Q/0N?%), = const

in which Ny = 7/8¢, where 8¢ is the transformed wake radius
associated with the variable . The curvature parameter
for the integral method is also shown in Fig. 5; it is the same
for velocity and all mass fractions, as a result of the assump-
tion of a Crocco relation between velocity and species mass
fractions.

IV. Turbulent Wake Calculations

The current state of turbulent flow analysis requires that
the ‘“laminar-type” equations be used in conjunction with an
operationally defined turbulent viscosity, i.e., the eddy
diffusivity concept. In connection with high-speed jet and
wake analysis, several models have been proposed. In the
present section these diffusivity models are tabulated, and
turbulent, hypersonic wake calculations using the various
models are presented. Also, some indications of the effect
of laminar-turbulent transitions are shown; the transition
criterion is based upon the correlations presented by Pallone
etal.’®

The turbulent viscosity models considered herein are the

following:
Model 1
p = Kd'po(U. — U) (13)
Model 2
r = Kbipe[(pU). — (pU)¢] (14)
Model 3
p = K& (U, — Up)(p/p)(n/Y)2 (15)
Model 4
m= Ka’pe(Ue - UO) (16)

In the foregoing, &' is the density transformed wake radius;
in the present work, this is taken as the value of 5 at which

(Ue - U)/(Ue - Uo) = 0.01

§ Although it is not obvious from Fig. 4, the curvature param-
eter for ano is identical to all others at X/CpAd1? = 0; for X >
0, the ano develops an off-axis peak due to off-axis chemistry.
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Fig. 6 Variation of velocity radius (10° cone, 120 kft, R, =
1 ft). Turbulent and transition wakes.

The parameter by, in model 2 is a physical half-width for
the quantity (pU), i.e., it is the value of ¥ at which

pU = (). + (U)ol

The origins of these models are indicated below.

The analysis of low-speed turbulent free-mixing problems
in flow regimes where similarity exists has led to an ex-
pression of the form KIAU for the eddy diffusivity?!4;
here [ is a reference length that is a measure of the width of
the free-mixing zone. In the absence of experimental or
theoretical information pertinent to nonsimilar and/or high-
speed flows, this expression has been used as the basis for the
forementioned models in the analysis of hypersonic wakes.
However, the application to compressible flow requires the
designation of the density on which the eddy diffusivity is
based; hence, different expressions have evolved.

Model 1 has been assumed by Bloom and Steiger®; they
assume that 7 is the transformed wake radius and that the
wake axis density governs the turbulent transport. A value
of K = 0.02 is taken as representafive for incompressible jet
‘and wake data.? ‘

Model 2 is due to Ferri*4 and is based upon results of recent
hydrogen-air supersonic combustion experiments. This
model has been used successfully to explain the mixing of
two streams of different composition but having identical
velocities. A diffusivity based upon a velocity difference
cannot be used to explain this type of mixing. The refer-
ence length [ is interpreted by Ferri as a half-width (in the
physical coordinates) based on pU. A value of K = 0.025
has been used.

Model 8 has been derived by Ting and Libby® % on the
basis of the transformation of the conservation equations to
an equivalent incompressible system; i.e., with the Howarth
transformation and model 3, the compressible conservation
equations reduce to the incompressible equations. This

I T T T
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Fig. 7 Variation of axis velocity defect (10° cone, 120 kft,
Ry = 1 ft). Turbulent and transition wakes.
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Fig. 8 Maximum wake temperature (10° cone, 120 kft,
Ry = 1 ft). Turbulent and transition wakes.

model yields a compressible diffusivity that varies over the
cross section and thus represents a departure from classical
conecepts.?? A value of K = 0.02 has been used,® and [ is
taken to be the density transformed radius.

Model 4 has been derived by Lees and Hromas? based upon
essentially the same arguments used by Ting and Libby,
and, in fact, the result is the same as model 3 evaluated on
the wake axis. Lees and Hromas deduce a value of K =~ 0.04
based on some of Townsend’s data*® and some of the details
pertinent to their analysis.

In order to judge the quantitative effect of the viscosity
model, wake calculations were performed using models 1, 2
and 3; model 4 was omitted because it is essentially the same
as model 3, and thus wakes based on the two models show
only minor quantitative differences (as indicated in Ref. 47).
In these calculations, a value of K = 0.04 was used for all
diffusivity models.T Additionally, a laminar-turbulent
transition calculation was performed. The transition cri-
terion is that presented by Pallone, et al.’3; it is given in
terms of a Reynolds number based on axis velocity defect and
wake radius, and a Mach number based on axis velocity de-~
fect.** The diffusivity used in the turbulent portion of this
calculation is model 1. The caleulations apply to a 10°
half-angle cone, having a base radius of 1 ft, flying with a
velocity of 23,000 fps at 120 kft. The wake initial condi-
tions were obtained by a chemically frozen streamtube
expansion of the boundary layer at the shoulder of the cone
to the freestream pressure (i.e., the wake was taken to be at
constant pressure); the boundary layer was assumed to be
laminar and in equilibrium. The stagnation-enthalpy pro-
file was determined from a Crocco relation, with an axis
value of 0.2 of the freestream value. (The reason for this
relatively ‘“‘cold” inmitial condition is that the caleulations
were taken from a parametric study.*)

On Figs. 6-9, the curves marked 1, 2, and 3 correspond to
viscosity models 1, 2, and 3; curve 5 is the laminar-turbulent
transition calculation (model 1 in the turbulent region). The
initial conditions show off-axis peaks in temperature and elec-
tron density; consequently, the maximum values of T and
N,- are shown in the figures. For the fully turbilent cases,
the peak values are on the wake axis for X/R; > 2, whereas
for the laminar-turbulent transition case, the off-axis peaks
persist for the entire laminar run.

Figures 6-9 show the streamwise variations of wake
“velocity” radius, axis velocity defect, and maximum tem-
perature and electron density. The “velocity” radius is de-

¥ This choice is arbitrary and was made for the purpose of using
the same K for all calculations, thereby isolating the effect of the
flow properties in the diffusivity model.

** More recent correlations®®* based on freestream Reynolds
and Mach numbers, achieve essentially the same. results.
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Fig. 9 Maximum wake electron density (10° cone, 120 kft,
Ry = 1 ft). Turbulent and transition wakes.

fined as the radius at which the velocity defect is equal to
197, of the axis velocity defect.

The spread in the results obtained with the different models
is in rough accord with the relative magnitudes of the vis-
cosities. These relative magnitudes are, approximately,
1:100:10 for models 1, 2, and 3, respectively, in the present
caleulations, and it is seen that the X/R, for the same level
of a ‘“diffusion-dominated” flow property (e.g., velocity)
varies by a factor of about 50 from model 1 to model 2 and
by a factor of about 3 from model 1 to model 3. How-
ever, for electron density, which is more “chemically con-
trolled,” the streamwise spread is substantially reduced;
a factor of about 5 in X/R, separates model 1 from model 2.

Models 2 and 3 result in the classical asymptotic behavior
dy ~ X3 and AU, ~ X %3 for large X. However, model
1 yields 6y ~ X%¥2? and AU, ~ X! at large X since this
viscosity is virtually constant, and thus there results a
“laminar-type” decay.
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Fig. 10 Effect of transition on velocity and temperature
profiles (10° cone, Ry = 1 ft, 120 kft). Model 1 diffusivity
in turbulent region.
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Fig. 11 Effect of Oxelectron attachment on electron den-
sity profiles (10° cone, Ry = 1f{t, 120 kft). Transition wake
with model 1 diffusivity in turbulent region.

The transition calculation (cur.es 5) shows a rapid drive
toward the corresponding all-turbulent case (curves 1 in this
case) once transition takes place (X/Ry, = 75.5). Figure 10
shows velocity and temperature profiles at the transition
point and at two downstream stations. Marked changes
of the laminar profiles are observed in a streamwise distance
of 0.5 Rb.

The quantitative effects of the molecular oxygen-electron
attachment process [reaction (61)] are indicated for the transi-
tion wake in Figs. 9 and 11. The dashed line for curve 5
in Fig. 9 shows the decay of axis electron density resulting
from recombination (and diffusion); an X! decay!! is at-
tained for large X. A comparison with the solid line, which
includes attachment, shows the large effect of the attach-
ment process in the downstream region (i.e., when, approxi-
mately, T < 600°K). For altitudes of about 150 kft and
less, once it is initiated, the attachment reaction quickly
approaches an equilibrium condition.4

Figure 11 shows electron density profiles with and without
attachment effects. Since the attachment reaction is ef-
fective at low temperatures, it is first felt in the outer regions
of the wake, as shown in Fig. 11. Further downstream, the
“size” of ionized region is substantially reduced, e.g., at
X/Ry = 200. The radii associated with 108 and 107 par- *
ticles/em3 are reduced by factors of 4 and 2, respectively.

V. Summary

A finite-difference method has been employed to analyze
the hypersonic wake with nonequilibrium air chemistry;
both laminar and turbulent transport have been included.

Comparisons with an integral method® for a particular
flight condition and laminar diffusion show large differences
between the results of the two analyses.

Calculations for turbulent wakes with different turbulent
diffusivity models show significant differences between these
models. The differences appear to be large enough to de-
tect experimentally; thus, suitably designed experiments
could determine which model is more appropriate.
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